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Abstract: In this work, we first propose a cosmological scenario inherently based on the
effective Nambu–Jona-Lasio (NJL) model near the infrared (IR) limit of the Hořava-Lifshitz
(HL) theory. Having used the one-loop expansion correction, we employ the NJL framework
in the ultraviolet (UV) limit of the HL theory, with critical exponent z = 3, to demonstrate
in the IR limit that the symmetry of the potential at the critical coupling value is broken
at z = 1. We also derive the effective Higgs-like potential in the low energy regimes. Here
the symmetry of the effective potential will be broken near z = 1 at a certain value of the
critical coupling. In our scenario, the scalar channel of the NJL model plays the role of
a composite inflaton. We find that the Lorentz invariance (LI) appears at the IR scale of
the HL theory and employ the standard inflationary (slow-roll) machinery as a probe of
physics at very high energy. We compute the inflationary parameters and compare them
with recent Planck 2015 data. Interestingly, we discover that the predictions of the model
are in perfect agreement with the Planck analysis. Our salient feature is that we used
inflation to quantify the IR and UV fixed points of underlying theory. We interestingly
discover that the IR fixed point of HL gravity is at the grand unified energy scale; whilst
the UV fixed point is at the Planck energy scale.
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1 Introduction
Quantum theory of gravity is one of the unsolved problems in theoretical physics. It is
strongly believed that this might be deserved as the theory of everything and would be
expected to describe physics of the singularity inside black holes as well as the origin of the
universe or the big bang. In the past decade, Hořava proposed an alternative description
of the quantum theory of gravity by introducing anisotropic scaling of time and space with
the critical exponent parameter, z, to achieve the renormalizability of quantum gravity at
the ultraviolet (UV) limit [1].
Although this method leads to Lorentz invariant violations (LIV), there is no exper-
imental evidence, or constraint, of the Lorentz symmetry at extremely high energies [1].
However, the Lorentz invariance (LI) in the Hořava gravity is inherently restored at low
energy regimes of the theory. It is worth noting that Hořava and Lifshitz also proposed the
theory, so-called "Hořava-Lifshitz" (HL) gravity, to quantize gravity without invoking any
exotic particles or extra dimensions. There are many fruitful applications and consequences
in a context of astrophysics (black hole), particle physics and cosmology (see Ref.[2] for a
recent review and references therein).
At a very high energy scale, the mechanism responsible for an early rapid expansion
of our Universe is well accepted nowadays since its predictions are in excellent agreement
with the present observations [3]. This is known as “cosmic inflation”[4–8]. However, little
is known about the mechanism underlying the inflationary physics. The simplest models of
inflation make use of elementary scalar fields. It was proposed in Ref.[9] that the inflationary
mechanism in the early Universe can be connected to the standard model (SM). This was
achieved just by identifying the scalar Higgs boson with the inflaton.
The salient feature of the Higgs-inflation mechanism is the requirement of the non-
minimal coupling of the Higgs doublet field (H) to gravity, i.e., ξH†HR with ξ a new
coupling constant. A large non-minimal coupling is required in the Higgs-inflation scenario,
ξ ∼ 104. However, the elementary scalar field in field theories is defective in the sense that
quantum corrections generate unprotected quadratic divergences which must be fine-tuned
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away. One of the solutions involves a composite field of some strongly coupled theories (see
[10] for a review) which feature only fermionic matter, and therefore the theory is stable
with respect to quantum corrections.
In addition, in the effective Lagrangian description for light mesons, the Nambu-Jona-
Lasinio (NJL) model [11, 12] is another time-honored example. Recently, the authors of
[13, 14] engaged the NJL model with the slow-roll inflationary scenario to show that the
successful inflation can be nicely achieved. See also Refs.[15–18] for other composite field
scenarios. In the composite field scenario, a non-minimal coupling of the composite scalar
field Φ to gravity can be naturally induced [19]. Nevertheless, as suggested in Ref.[19], if ξ
is a running constant, its value at the NJL cutoff scale Λ, ξ(Λ) might be large and, then
evolve toward ξ = 1/6 at lower energies.
Moreover, the NJL model is very compelling when one wants to demonstrate the phe-
nomena of spontaneous symmetry breaking. This is frequently used to explain the sponta-
neous generations of the particle masses by using symmetry breaking, e.g., chiral symmetry
breaking of hadron masses in QCD, and electroweak symmetry breaking of gauge bosons in
standard model of particle physics. The NJL model has also been studied in the Lifshitz-
like theory at z = 3 [20], and the results showed that the model is asymptotically free, and
mass is generated dynamically.
In addition, the composite Higgs field can emerge in this scenario. However, the con-
stituent fermion mass of the condensation can be generated for arbitrary coupling constant
of the theory. Interestingly, this phenomenon has the same profile as that of the NJL model
in holographic Sakai-Sugimoto (AdS/QCD) scenario [21]. But in the latter, we will show
how the symmetry breaking of the model at some certain value of the coupling constant in
the IR limit of the Lifshitz-like theory can happen like a standard relativistic NJL model.
In this work, we will investigate composite NJL inflation near the IR limit of the HL
theory by using the effective potential of the one-loop expansion scheme as the inflation
potential. The HL gravity is also reduced to GR in this regime, i.e., z → 1. One therefore
considers the inflationary phase of the universe as the IR limit of the HL theory. More
importantly, we first demonstrate the interval of UV and IR regimes of the HL theory via
the inflationary cosmology constraint.
2 Composite NJL scenario and its effective potential
We start with the action of the NJL model in the HL-like theory at z = 3. It reads [20],
S =
∫
d4x
[
i ψ¯i
(
γ0∂t + ~∂ · ~γ ∂2
)
ψi + g
2 ψ¯L,i ψR,i ψ¯R,j ψL,j
]
, (2.1)
where d4x ≡ dtd3~x, ∂t ≡ ∂/∂t, γ0 and ~γ are standard Dirac matrices in time and spatial
components, respectively. The left- and right-handed fermions are defined by ψL/R =
PL/Rψ = (1±γ5)ψ/2 and g is the coupling constant of the NJL interaction term. The model
consists of the color SU(Nc) and the fermions ψi(t, ~x) transform vectorially as follows:
ψi → Uijψj , i, j = 1, · · · , Nc . (2.2)
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At the UV limit of the HL theory, the space and time are transformed by an anisotropic
critical exponent scaling z = 3 as,
~x→ b~x , t→ b3t . (2.3)
In the case of the z = 3 HL-like theory, we therefore obtain scaling dimensions of time
and space components in terms of mass as [L] = −1, [T ] = −3, theses give [ψ] = 3/2 and
[g] = 0. Then the action in Eq.(2.1) is of dimension 6. In addition, the g coupling carries
dimensionless of mass that is contrary to the traditional NJL theory at Lorentz invariant
regime i.e., [g]z=1 = −2. By using a standard method bosonization, we can rewrite the NJL
interaction in terms of auxiliary “composite" fields, Φ as
S =
∫
d4x
[
i ψ¯i
(
γ0∂t + ~∂ · ~γ ∂2
)
ψi − 1
g2
Φ†Φ + Φ†ψ¯R,iψL,i + Φ ψ¯L,iψR,i
]
. (2.4)
Integrating out the fermion fields in Eq.(2.4) and using the standard method of a one-loop
expansion scheme, we obtain the effective potential as [20]
Veff(Φ) =
|Φ|2
g2
(
1− λN
12pi2
[
1 + ln
(
Λ6
|Φ|2
)])
, (2.5)
where |Φ|2 ≡ Φ†Φ, λN ≡ g2Nc and Λ are t’Hooft coupling and 3-momentum UV cut-off
respectively. The mass dimension of variables in Eq.(2.5) are given by [Φ] = 3 , [λN ] = 0
and [Λ] = 1. As mentioned earlier, it is worth noting that the spontaneous symmetry of
the effective potential in Eq.(2.5) always breaks at arbitrary weak coupling values of g [20].
This differs from the standard NJL model, and we will show in the latter how to break the
symmetry with some critical value of the coupling g . Before proceeding to this result, it
is worth to demonstrate that how the LI of the HL theory is restored. Here we will briefly
repeat the mechanism of emergence of LI near IR fixed point. Considering the fluctuations
of the scalar field Φ, one can parametrize the fluctuations in terms of a radial field (ϕ) and
a phase (pi) pseudoscalar field:
Φ(x) = ρ(x)eig pi(x), ρ(x) = m3 + g ϕ(x) . (2.6)
Moreover, we introduced the fermion mass condensation, m, via m6 ≡< 0||Φ|2|0 >. It
has been shown in Ref. [20] that how the LI of the HL theory is recovered. Here we will
briefly repeat the mechanism of emergence of LI. Firstly, we recall the action in Eq. (2.4)
by introducing the effective mass square M2 in kinetic term, ψ¯ i (~γ · ~∂M2)ψ . Then the
action is re-written by
S =
∫
d4x
[
ψ¯i
(
iγ0∂t + i(~∂ · ~γ )
(
~∂2 +M2
))
ψi − 1
g2
Φ†Φ + ψ¯i
(
ΦPL + Φ
† PR
)
ψi
]
,(2.7)
where PL/R = 12 (1±γ5). Substituting the definition of the Φ field in Eq. (2.6) to the action
(2.7), the on-shell mass equation in the kinetic terms of the fermion fields in Eq. (2.7) is
given by
k20 − k2
(
M2 + k2
)2 −m6 = 0 , (2.8)
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where k0 and k are momentum of the field Φ in time and spatial components respectively.
At the low momentum limit (k  M), and re-scaling the energy (k0 → k0/M2) , one
recovers the LI (relativistic energy-momentum relation) as,
k20 = k
2 +m2∗ , m∗ ≡ m3/M2 . (2.9)
Here we will identify the parameter M as the effective cut-off near the IR limit, and the LI
appears below the momentum scale of M (see section IV of Ref. [20] for detail discussion).
The parameterM is regarded as the RG-invariant mass scale which is identified as a cut-off
dependent couplingM = M(Λ) [20]. We therefore propose the cut-off dependent parameter
M(Λ) as a linear function of the UV cut-off Λ, viz.,
M(Λ) = Λ/α , (2.10)
where α is new dimensionless free parameter which displays how far the UV and IR cut-off
of the theory are separated. The ansatz in Eq. (2.10) will be very useful for identified the
UV and IR limits of the HL theory when we make contact to observables of the inflation and
we will see in the next section. Next we turn to demonstrate the symmetry breaking phase
of the Φ field that occurs in the critical value gc of the NJL coupling. To do this, we take the
re-scalings of the field, Φ→ M2Φ and the effective potential in Eq. (2.5), Veff → Veff/M2.
Assuming at the unbroken symmetric phase, in addition, the fermion condensate mass is
vanished (m = 0) then we can use the approximation Φ(x) ≈ g ϕ(x) eig pi(x). Using the
mentioned re-scaling variables and Λ = αM ansatz, the effective potential near the IR
fixed point in the unbroken phase is given by,
Veff(ϕ) = M
2ϕ2
(
1− λN
12pi2
[
1− ln
(
g2ϕ2
α6M2
)])
. (2.11)
Up to the first order expansion of ln(x) ≈ (x − 1) + O(x2), we obtain Higgs-like effective
potential near the IR limit as,
V IReff (ϕ) = −m˜2ϕ2 + λϕ4 , (2.12)
where the m˜ and λ parameters are defined by
m˜2 = M2
(
g2Nc − 6pi2
6pi2
)
, λ =
g4Nc
12pi2α6
. (2.13)
We obtain the Higgs-like potential in Eq.(2.12), which is valid if a factor g2ϕ2/α6M2 is
close to 1 in the broken phase of the symmetry. More importantly, it has been pointed out
in Ref. [20] that the scalar field Φ might play the role of the composite Higgs fields in the
low energy limit of the HL theory. In addition, it is easily shown that the coupling, g, is no
longer a weak coupling. Moreover, one finds that the symmetry will be broken when,
g2 >
6pi2
Nc
≡ g2c . (2.14)
We will demonstrate how to study inflationary scenario by using the Higgs-like potential in
Eq.(2.12) from the HL theory with the LI. Note here that the study of the critical value of
the coupling g when the LI emerges is worth for the future investigations.
– 4 –
3 Inflationary implications of the HL theory near IR fixed point
This section is to employ the effective potential in Eq. (2.12) and we found that the Higgs-
like form of the potential is suitable to study in the slow-roll approximation since the ϕ
field value slowly change as discussed in the previous section. In addition, the potential in
Eq.(2.12) is obtained near the IR limit where the LI is restored.
It has been shown by Refs. [26, 27] that there is no gravitational action in the Einstein
frame of HL theory at UV fixed point when z = D (D is spatial dimension). In addition,
Refs. [22, 23] have demonstrated that the power spectrum is not scale invariant with
standard scalar inflation in the UV fixed point. On one hand, this means that anisotropic
scalings of the HL theory at the critical exponent z = D = 3 might not be correct in the
inflationary phase or the inflation of the universe prefers the LI to generate a correct scale
invariant of the power spectrum. On the other hand, we need to modify the scalar field
sector. From these points, in this work, it is reasonable to consider the inflationary phase
as the IR limit of the HL theory where the LI is restored. We therefore study the effective
potential of the composite scalar field of the HL theory near the IR fixed point in Eq.(2.12)
as the inflaton potential. In addition, we will consider the gravitational action near the IR
fixed point of the HL theory, i.e. z → 1 limit, where isotropic scalings and LI are recovered
and the inflationary phase is an effective low energy scale for the UV fixed point (the Planck
scale).
In so doing, we adopt the same manner for the conformal transformation of the non-
minimal coupling of the HL gravity from Ref. [27] in z → 1 limit. This helps transforming
from the Jordan to the Einstein frame, in the same way as standard GR. By using the
both of the effective potential and the gravitation action in the IR limit of the HL theory,
therefore, we can safely use the conformal transformation in the GR case as proposed in Ref.
[17]. Here we introduce the non-minimal coupling term, ξΦ2/dR, to the action of HL theory
in the Jordan frame with the inflaton denoted as Φ. This the corresponding counterterm
was introduced in Ref.[25]. This field has mass dimension d and couples to graviton via the
non-minimal coupling term near the IR fixed point in the HL framework. Therefore, the
action at z → 1 limit in the Einstein frame without the cosmological constant takes the
form:
SE =
∫
d4x
√
−g˜
[
− 1
2
M2P R˜+
1
2
g˜µν∂µχ∂νχ− U(χ)
]
, (3.1)
where the Ricci-like scalar term (R˜) of HL gravity is written as
R˜ = K˜ijK˜ij − λHLK˜2 + R˜ . (3.2)
For simplicity and qualitative study, the detail balance version of the HL gravity is used
in this work [1, 24]. Here K˜ij , K˜ and R˜ are the extrinsic curvature, its trace and Ricci-
like scalar in spatial dimension, respectively. We used the tilde to represent the quantities
in the Einstein frame. Having used all assumption above, one notes that the action in
Eq.(3.1) is equivalent to the standard non-minimal Higgs inflation in the context of the ADM
formalisms. In order to obtain the Higg-like effective potential in Eq.(2.12), in addition, the
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almost constant value of the ϕ corresponds to the slow-roll approximation of the inflation
and we will use this approximation in the latter. The kinetic term of the scalar field in the
Einstein frame is related to that of the Jordan frame via [17]
g˜µν∂µχ∂νχ =
(
dχ
dΦ
)2
gµν∂µΦ∂νΦ , (3.3)
with (
dχ
dΦ
)2
= 2Ω−2
(
1 +
2ξ2
d2M2P
Ω−2Φ
2
d
)
Φ
(2−2d)
2d . (3.4)
According to the standard composite NJL model, it was pointed out in Ref. [14] that the
radial (real) part, ϕ(x) of the composite fields is a dynamical field in the inflation phase, in
this work, we will replace the scalar field Φ in Eq.(3.1) by the (re-scaled) composite scalar
field ϕ as
Φ→ ϕ . (3.5)
This means that d = 1 is implied and we have neglected a phase here. By employing the
Higgs-like form of the composite effective potential near IR fixed point in Eq.(2.12), the
potential term of the normalized scalar field in the action (3.1) is given by
U(χ) = Ω−4V IReff
(
Φ(χ)
)
, (3.6)
and
Ω2 =
M2P + ξϕ
2
M2P
. (3.7)
We obtain in the Einstein frame with a flat FLRW background, the HL gravity with com-
posite (real) scalar field (ϕ) [22, 24, 29]:
H2 =
1
3M2Pκ
(κ
4
χ˙2 + U
)
, (3.8)
H2 +
2
3
H˙ = − 1
3M2Pκ
(κ
4
χ˙2 − U
)
, (3.9)
χ¨+ 3Hχ˙+
2
κ
dU
dχ
= 0 , (3.10)
where κ = (3λHL − 1) . The slow roll parameters, , η, ζ, and the number of e-folding, N ,
have the same forms as the standard slow-roll paradigm, and they read
 =
M2P
2
(
1
U
dU
dχ
)2
, η = M2P
(
1
U
d2U
dχ2
)
, (3.11)
ζ = M2P
(
1
U2
dU
dχ
d3U
dχ3
)
, N =
1
M2P
∫ χN
χend
dχ
U
dU/dχ
. (3.12)
– 6 –
Note that the inflaton field would be large at the inflationary scale. Using the following
large field approximation,
ξϕ2 M2P , → Ω2 ≈
ξϕ2
M2P
, (3.13)
we can express the solution for ϕ in terms of χ as,
ϕ ' MP√
ξ
exp
(
χ√
6MP
)
. (3.14)
Then the inflaton potential in the Einstein frame takes the following form:
U = Ω−4 Veff ≈ λϕ4
(
1 +
ξϕ2
M2P
)−2
. (3.15)
Having used the effective potential in Eq. (3.15), the slow-roll parameters are given by
 ' 4M
4
P
3ξ2ϕ4
, η ' −4M
2
P
3ξϕ2
, ζ ' 16M
2
P
9ξ2ϕ4
. (3.16)
The inflation terminates at  = 1 , and the end of the inflation gives the solutions for the
field ϕ as,
ϕend '
√
2MP
4
√
3
√
ξ
∼ 1.07MP√
ξ
. (3.17)
We also can simply determine the e-folding number, N , to obtain
N =
1
M2P
∫ ϕN
ϕend
U
dU/dϕ
(
dχ
dϕ
)2
dσ ' 3ξϕ
2
N
4M2P
−
√
3
2
. (3.18)
Substituting ϕend in the e-folding number equation, one obtains, for the large field approx-
imation:
ϕN ' 2
√
NMP√
3ξ
, (3.19)
with ϕN ' 9MP /
√
ξ forN = 60. We are now equipped to confront the inflationary potential
with experiments. We start by considering the constraints set by the observed amplitude
of the density perturbation, As. To generate the proper value of As, the potential should
satisfy at horizon crossing ϕ = ϕN :
|U/|ϕN = (0.0269)4M4P . (3.20)
This is used to impose a constraint on the self coupling, which must be unnaturally small
in a minimally coupled quartic potential: λ ∼ 10−13 [30]. However, in the present case,
Eq.(3.20) yields the relations among ξ, λ and N . We can solve for ξ to obtain:
ξ ' 1515.8N
√
λ. (3.21)
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Figure 1: The theoretical predictions in the (r − ns) plane for the present work with
Planck’15 results for TT, TE, EE, +lowP and assuming ΛCDM + r [3].
For the up to two-loop contribution, at very high energy, a.k.a. an inflationary (grand
unified energy) scale, the value of the coupling λ approaches zero [31]. Here we assumed
for the one-loop level the value of λ = 0.001, and compute the non-minimal coupling to
approximately be ξ ≈ 9100. We obtain the value very similar to that of the Higgs inflation
[9]. However, our effective theory for the composite inflaton cannot be used for arbitrary
large value of the inflaton field. Here the effective theory is valid for σN < 4piv, implying
for N = 60 that
v >
9MP
4pi
√
ξ
. (3.22)
With the given value of ξ ∼ 9100 and Eq.(3.22), we find,
v ∼ 7.5× 10−3MP ≈ 1016 GeV, (3.23)
where we have employed the reduced Planck mass value. Interestingly, we also get
α ∼ 100, (3.24)
which allows to connect the two scales between IR and UV. From Eq.(2.13), by using
λ = 0.001, we obtain g ∼ 400. This nicely corresponds to v ∼ 10−2MP . Notice that the
confining scale of the underlying theory is naturally of the order of the grand unified energy
scale. The coincident value of v ∼ 10−2MP and α = 100 is remarkably obtained in this
work. According to the results in Eqs. (3.23) and (3.24), we argue that LI emerges firstly
at the grand unified energy scale (∼ 1016 GeV) in the framework of the HL theory. This
result is also consistent to the conclusion of Refs. [22, 24] that the universe flavors the LI
in the inflationary phase in order to reproduce a correct power spectrum.
We can also test our predictions with the experimental results by using the relative
strength of the tensor perturbation, i.e. the tensor-to-scalar ratio r, the spectral index
of curvature perturbation ns and its running spectral index n′s. In terms of the slow-roll
parameters, these observables are defined by
r = 16 σN , ns = 1− 6 σN + 2ησN , (3.25)
– 8 –
n′s = −24 2σN + 16σN ησN − 2ζσN . (3.26)
To the lowest order in the slow-roll approximation, the inflationary predictions in terms
of the number of e-foldings in the Einstein frame parameters for this model read: ns '
1 − 2/N, n′s ' 9/(2N4) − 12/N3, r ' 12/N2. Specifically, we obtain for this model ns =
0.96667, r = 0.00333 which perfectly lie inside the 2σ region of the contours for N = 60
e-foldings and Nc = 3 as displayed in Fig.1. Concerning the running spectral index n′s, we
obtain: n′s = −0.000055 for N = 60 e-foldings.
Figure 2: Marginalized joint 68% and 95% C.L. for (ns, n′s) using Planck TT+lowP and
Planck TT,TE,EE+lowP [3].
For this model, we notice that the running of the scalar spectral index is nearly constant
as a function of ns (see Fig.(2)).
4 Conclusions
We have considered the so-called HL gravity with our aim being dealing with the quantum
theory of gravity. A basic assumption of the theory is an anisotropic scaling, b, of space
and time in the UV regime, i.e, ~x → b~x and t → bzt with z being the dynamical critical
exponent. Clearly, it is realized that at very high energy the theory displayed a breaking
of LI with z = 3. However, at lower energy scale, the broken Lorentz symmetry can be
recovered at z = 1.
In the present work, we propose a cosmological scenario inherently based on the effective
NJL model near the IR limit of the HL theory. In our scenario, the scalar channel of the NJL
model plays a role of the composite inflaton. We also discover the symmetry breaking of
the inflaton potential near the z = 1 limit, and assume the inflation starts at that IR regime
in which the LI emerges. Here we introduced the effective cut-off, M , where this parameter
appears slightly above the IR scale. We also demonstrate how the effective potential of
the underlying theory can be obtained at z = 1 limit, and show how to derive a Higgs-like
potential. Here the symmetry of the effective potential will be broken near z = 1 at certain
value of the critical coupling; while at z = 3 the symmetry of the effective potential will
– 9 –
always be broken at arbitrary value of the coupling. We argue that this furnishes some hints
about the emergence of LI and the broken phase of the symmetry with the given critical
value. The dynamical origin of this point is worth further investigation.
In order to demonstrate the emergence of LI at the IR fixed point in this scenario,
we addressed this point by considering the inflationary phase of the universe as a probe
of physics of the IR. This might provide a connection to the UV of the HL theory. In so
doing, we follow the standard slow-roll scenario by computing the inflationary parameters
and confront them with recent Planck 2015 data. Interestingly, we discovered that the
predictions of the model are in perfect agreement with the Planck analysis. By confronting
with the data, we can constrain the cosmological parameters in the HL theory both in the
IR and UV limits. Our results suggested that the emergence of LI takes place at the grand
unified energy scale. Our salient feature is that we used inflation to demonstrate that the
grand unified energy scale is the IR fixed point of HL gravity, while the Planck scale is the
UV fixed point of the theory. Note that these two scales can naturally be obtained in our
framework. According to the results in this work, we found that the UV and IR regimes of
the HL theory can be identified by using the inflationary cosmology constraints.
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